How does 4D-Var handle
Nonlinearity and non-Gaussianity?
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Outline of Talk

® Non-Gaussian pdf’s in the 4d-Var cost function
- Variational quality control

- Non-Gaussian background errors for humidity

® Can we use 4D-Var analysis windows that are longer
than the timescale over which non-linear effects
dominate?

- Long-window, weak constraint 4D-Var
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Non-Gaussian pdf's in the 4D-Var cost function

® The 3D/4D-Var cost function is simply the log of the pdf:

J(x)oc —log(p(x| y, X, ) oc —log(p(y | X))—log(p(X, [ X))—..

® Non-Gaussian pdf’s of observation error and background
error result in non-quadratic cost functions.

® In principle, this has the potential to produce multiple
minima — and difficulties in minimization.

® In practice, there are many cases where the ability to
specify non-Gaussian pdf’s is very useful, and does not
give rise to significant minimization problems.
- Directionally-ambiguous scatterometer winds
- Variational quality control
- Bounded variables: humidity, trace gasses, rain rate, etc.
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Variational quality control and robust estimation

® Variational quality control has been used in the ECMWF
analysis for the past 10 years.

® Observation errors are modelled as a combination of a
Gaussian and a flat (boxcar) distribution:

p(yIx)=(1-P;)N+P;G, where P, = p(gross error), and:

o C1(y-HM®)Y
N—Goﬂexp{ 2[ o, J]

G :% if ‘y— H (X)‘ <D/2, zero otherwise

® With this pdf, observations close to x are treated as if
Gaussian, whereas those far from x are effectively

ighored.
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Variational quality control and robust estimation

® An alternative treatment is the Huber metric:

2
exp| ——|ao ifa<o
S
ey y—H(X)
X)=- exp| —— o2 a<s<b where 0 =
p(y| ) U\/_ pl: O,
2
: exp(b——‘b5j ifo>Db
o2

® Equivalent to L, metric far from x, L, metric close to x.

® With this pdf, observations far from x are given less
weight than observations close to x, but can still
influence the analysis.

® Many observations have errors that are well described by
the Huber metric.
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Variational quality control and robust estimation

® 18 months of conventional data
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Variational quality control and robust estimation
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Comparing optimal observation weights
Huber-norm (red) vs. Gaussian+flat (blue)

® More weight in the
middle of the
Weights for Huber and Gaussian distribution

distribution Sigma_n: 1.56 Sigma_h: 1.30 H_left: 1.3 H_right: 1.1
1.4 =

Weight relative to gaussian (no VarQC) case
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® More weight on the

edges of the 1op f
distribution o8k f ﬁ\

| Huber weights

0.6} Gaussian weights {

® More influence of 0.4 ]
) - / 25% -

data with large 0,2/ \
departures of } “““““ \ “““““““““ ]
—-20 —-10 0 10 20

-Weights: 0 — 25%

_TEMP-T_N.Hemis_Vaisalo_RS92_all_data_normalised_background_fit_Huber_merged

ECMWF &o



Test Configuration

® Huber norm parameters for
- SYNOP, METAR, DRIBU: surface pressure, 10m wind
- TEMP, AIREP: temperature, wind
- PILOT: wind
® Relaxation of the fg-check
- Relaxed first guess checks when Huber VarQC is done
- First Guess rejection limit set to 200
® Retuning of the observation error

- Smaller observation errors for Huber VarQC
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-rench storm 27.12.1999

ECMWF Analysis VT:Monday 27 December 1999 18UTC Surface: Mean sea level pressure

® Surface pressure:
-Model (ERA interim T255): 970hPa
-Observations: 963.5hPa

-Observation are supported by neighbouring stations!
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Data rejection and VarQC weights - Era interim
27.12.99 18UTC +60min

1112: VarQC-rejections: Flag1 (green), Flag2 (orange), Flag3 (red), MSL analysis (black)
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® VarQC weight = 50-75%
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Data rejection and VarQC weights - Huber exp.

1362: VarQC-reections: Flag1 (green), Flaz orange), Fla3 red), MSL analy5|s (black)
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® VarQC weight = 50-75%
® VarQC weight =
- ® VarQC weight = 0-25%
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MSL Analysis differences: Huber - Era
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ECMWEF Analysis VT:Monday 27 December 1999 18UTC Surface: Mean sea level pressure
ECMWEF Analysis VT:Monday 27 December 1999 18UTC Surface: **Mean sea level pressure
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® New min 968 hPa

® Low shifted towards the lowest surface pressure observations
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Humidity control varlable
P(rhy —rhy | rh? +rhy) = =

=P(srh|2rhy +orh)
80

Joint pdf: P ( rh’, rhf)

for two members S
of an ensemble of =,
4D-Var analyses.
srh=rh® —rh’ 20
1s representative

of background error 0 40 60 8 100
rh, (%)

The pdf of background error is asymmetric when stratified by rh

P(rhy |rhy)
=P(Srh+rhy |rh’)

5.9E+00
4.0E+00
2.0E+00
6.9E-01
1.8E-01
3.2E-02
4.0E-03
3.0E-04
8.9E-06

1
The pdf of background error is symmetric when stratified by rh® +—gJrh
2
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Humidity control variable
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The symmetric pdf p (5rh | rh° +%5 rhj can be modelled by a normal distribution.
: : 1 L
The variance changes with rh® + 55 rh and the bias is zero.

A control variable with an approximately unit normal distribution is obtained by a
nonlinear normalization: Srh = orh

a(rhh%&rhj
e
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Humidity control variable

® The background error cost function J, is now nonlinear.

orh
a(rhb+l5rhj
2

® Our implementation requires linear inner loops (so that
we can use efficient, conjugate-gradient minimization).

- Inner loops: use Srh = 5rh/a(rhb)

- Outer loops: solve for Orh from the nonlinear equation:

Jp :[f (5l’h)]T B™'f(orh) where f(drh)=

§rh1 —5rh
a(rhb +25rhj
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What about Multiple Minima?

® Example: strong-constraint 4D-Var for the Lorenz three-
variable model:

ASSMILATIN TIME=1.00000

ASSINILATION TIME =2 DOOOQ

from: Roulstone, 1999 ot

ERRTOR N Y(D) " - errenn N ¥0]
ASSMLATION TIME=4.000A0 ASSINILATION TIME =10.0000

20.0%[

1Exlﬂ‘:
] 1u-|b‘5

&u-w’}

1 2

-2 o 1 a -a -1 o
ERRER IN Y(6) ERROR IN %0)
Figure 1: The MSE cost functionin the Lorenz MQiel as a function of error in the initial

Value of the Y coordinate. The function becomes increasingly pathological as the assimilation

Perio d is increased. n
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What about Multiple Minima?

® In strong-constraint 4D-Var, the control variable is x,.

Jo :ZK:[yk —H, (Mto—>tk (XO))JT R™ [yk -H, (Mto—“k (XO))]

k=0

® We rely on the model to propagate the state from initial
time to observation time.

® For long windows, this results in a highly nonlinear J..

® In weak-constraint 4D-Var, the control variable is
(XgsX4,---:Xk), @and (for linear observation operators) J is
quadratic.

Jo :g[Yk - Hk (Xk)]T R_l[yk o Hk (Xk):l

® J, is close to quadratic if the TL approximation is
accurate over the sub-interval [t, ,, t,].

‘]q - Z[Xk — Mtk,l—nk (Xk—l)]T R™ [Xk - Mtk,]—nk (Xk—l)]

k=1
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Long-window, weak-constraint 4D-Var
04 ' | ' | ' | ' | '

? Lorenz *95 model
dx.
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What about multiple minima?

GRD: Estimate
20 T T T T 3

dotted=truth
solid=analysis
diamonds=obs
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time t

® From: Evensen (MWR 1997 pp1342-1354: Advanced Data Assimilation for Strongly
Nonlinear Dynamics).

- Weak constraint 4dVar for the Lorenz 3-variable system.

- ~50 orbits of the lobes of the attractor, and 15 lobe transitions.
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What about multiple minima?

® The abstract from Evensen’s 1997 paper is interesting:

The ensemble Kalman filter
ensemble smoother
and a gradient descent method are used to minimize
weak constraint formulations.

- The problems associated with the use of an approximate tangent
linear model when solving the Euler-Lagrange equations
are eliminated when using these
methods. All three methods give reasonable consistent results
and
overcome the traditional problems reported in many of the previous
papers involving data assimilation with highly nonlinear dynamics.

*1.e. weak-constraint 4D-Var
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Weak Constraint 4D-Var in a QG model

® The model:
- Two-level quasi-geosptrophic model on a cyclic channel
Dg. .
i:O (for1=1,2)
Dt

o :Vzl//l_Fl(Wl_Wz)"';By

2
0, =V v, — Fz(Wz _W1)+ﬂy+ Rs

- Solved on a 40%x20 domain with Ax=Ay=300km

- Layer depths D,=6000m, D,=4000m

- R,=0.1

- Very simple numerics: first order semi-Lagrangian advection with
cubic interpolation, and 5-point stencil for the Laplacian.
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Weak Constraint 4D-Var in a QG model

truth - - lovweer level

® dt = 3600s

® dx = dy = 300km

® f=104s"

® B=1.5%x10"1 s 1m-

® D1 =6000m

® D2 =4000m

® Orography:
- Gaussian hill A
- 2000m high, 1000km wide at i=0, j=15

® Domain: 12000km x 6000km

® Perturbation doubling time is ~30 hours
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Weak Constraint 4D-Var in a QG model

® One analysis is produced every 6 hours, irrespective of
window length:

Analysis

Forecast

Linearisdtionh Trajectory

N N N N N N

Analysis

The analysis is incremental,

weak-constraint 4D-Var, with a
linear inner-loop, and a single Lineafisgtion Traj%ctory
iteration of the outer loop. = B

Forecast

Analysis

Inner and outer loop resolutions Background
are identical.
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Weak Constraint 4D-Var in a QG model

® Observations:

- 100 observing points, randomly distributed between levels, and at
randomly chosen gridpoints.

- For each observing point, an observation of streamfunction is
made every 3 hours.

- Observation error: o,=1.0 (in units of non-dimensional
streamfunction)

Obs at level 1 Obs at level 2

20

20
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Weak Constraint 4D-Var in a QG model

Long-Window 4D-Var in a Two-Level QG Model

Mean Analysis and First-Guess Error for Different Window Lengths
1 2 1T | 11 | I I | 11 | 1T | 11 | 1T | 11 | LI | L

According to Gilmour et al.’s
criterion, nonlinearity dominates,

for windows longer than 60 hours.
0.8

Weak constraint 4D-Var allows
windows that are much longer than the
timescale for nonlinearity.

0.6
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RMS Error for Non-dimensional Streamfunction
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Summary

® The relationship: J=-log(pdf) makes it straightforward to
include a wide range of non-Gaussian effects.

VarQC

Non-gaussian bakground errors for humidity,etc.

nonlinear balances

nonlinear observation operators (e.g. scatterometer)

- etc.

® In weak-constraint 4D-Var, the tangent-linear
approximation applies over sub-windows, not over the
full analysis window.

- The model appears in J, as M t,_ —t,

® Window lengths >> nonlinearity time scale are possible.
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How does 4D-Var handle
Nonlinearity and non-Gaussianity?

Surprisingly Well!

Thank you for your attention.

Acknowledgements: Christina Tavolato, Elias Holm, Lars Isaksen, Tavolato, Yannick Tremolet
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